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Abstract: In this paper we define ® -Semi lattice on Pre A*-algebra A and prove that for each g e
C(A) define B, ={ (x,y)/ avx= avy) is a factor congruence on A and Bois direct

complement of /3, and also prove that # is a factor congruence on A iff B = B, for some x e
C(A).

Keywords: Pre A*-algebra, ® -Semi lattice, central element, factor congruence.

AMS subject classification (2000): 06E0S, 06E25, 0699, 06B10.

Introduction: In 1994, P. Koteswara Rao[2] first introduced the concept A*-Algebra
(A,A V%, (—T,/'(-), »0,1,2) not only studied the equivalence with Ada, C-algebra, Ada’s connection with 3-
Ring, the If-Then-Else structure over A*-algebra and Ideal of A*-algebra. . In 2000, J. Venkateswara Rao

[5] introduced the concept of Pre A*-algebra (A,A,v,(—jf‘ as the variety generated by the 3-element
algebra A = (0,1,2) which is an algebraic form of three valued conditional logic.In [6] Satyanarayana et al.
generated Semilattice structure on Pre A*-Algebras . In [7) Satyanarayana.A, et.all derive necessary and
sufficient conditions for pre A*-algebra A to become a Boolean algebra in terms of the partial ordering.

1. Preliminaries: In this section we concentrate on the algebraic structure of Pre A*-algebra and state
some results which will be used in the later text.

11. Definition: An algebra (4,A,V, (<) ~) where A is a non-empty set with 1,A,V are binary

operations and () ~ is a unary operation satisfying
@) x "=x Vxe A

(b) xAx=x, VxeA

(©) xAy=yAx, Vx,yed

(d) (xAy)*=x‘vy‘ Vx,ye A
(@xA(yAz)=(xAy)Az, Vx,y,ze A

(H xf\(y\/z)=(x/\y)v(xf\z), Vx,y,z€ 4

® xrAy=xA(x"Vvy), Vi, Y € A is called a Pre A*-algebra.
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1.2. Example: 3 = {0, 1, 2} with operations A,v, (=) ~ defined below is a Pre A*-algebra.

n 0 1 2 v 0 1 2 x x
0 0 0 2 0 0 1 2 0 1
1 0 1 2 1 1 1 2 1 0
2 2 2 2 2 2 2 2 2 2

1.3. Note: The elements o, 1, 2 in the above example satisfy the following laws:

@)z =2 (b)ianx=xforallxes

(cJovx=xforallxe3 (d)2ax=2vx=2forallx es3.

1.4. Example: 2 = {0, 1} with operations A, v, (-)” defined below is a Pre A*-algebra.

1

o
= O] <
= O|Oo
=1 I
(=T ] XI

1.5. Note:
() (2,\/, A, (—?} is a Boolean algebra. So every Boolean algebra is a Pre A* algebra.

(ii) The identities 1.2(a) and 1.2(d) imply that the varieties of Pre A*-algebras satisfies  all the dual
statements of 1.2(b) to 1.2(g).

1.6. Definition: Let A be a Pre A*-algebra. An element x €A is called a central element of A if

xvx%] and the set {x € A/ x\x%1} of all central elements of A is called the centre of A and it is
denoted by B (A).

1.7. Theorem:[6] Let A be a Pre A*-algebra with 1, then B (A) is a Boolean algebra with the induced
operations A,V ,(-)

1.8. Lemma: [6] Every Pre A*-algebra with 1 satisfies the following laws
(@) xvli=xvx (b) xAO0=xAX"

1.9. Lemma: [6] Every Pre A*-algebra with 1satisfies the following laws.
@) xA(x% x)=xv(x%nx) =x

(b) (v x%Pny=(xAY)V (%)
@(xvy)nz=(xAz)v(xYenyAnz)

1.10. Definition: A relation & on a Pre A*- algebra (A4, A, V,(=)% is called congruence relation if
(i) @ is an equivalence relation
(ii) @ is closed under A,v,(-)¥

2.® -Semi Lattice on Pre A*- Algebra

2.1. Theorem:[6] Let A b e a Pre A*-algebra < A4,V > is a semilattice.
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2.2. Definition: Let A be a Pre A*-algebra with 2. If ® is an unary operation on A such that for any
X, y, a € A satisfying the following
(1) av a®=2
- @
i;:i])za \\: :(:\fx)s v(@vy)®P®=avx, a®v ((avx)® v(@®vy)®)’=a®vy
(iv) ((@avx)®v(a®vx)®)®=x
then A is called a @ -Semi lattice.

2.3. Lemma: x*® = x, forall x € 4 o
Proof: By 2.2 Definition (iii) we have a® v ((avy)®v(a®vx)®)°=a® v x
Let a =2 then 2°Vv ((2vy)®v(2®°vx)®)®=2°v x
= ((2vy)®v(2®vx)®)® = x (by 2.2 Definition (ii))
= (2°vx®)®=x
= ™ an

2.4. Definition: Let 4 be a ® -Semi lattice. An element a € A is called central element if a satisfies
the following

W avx=avy= avx®=avy®
() a°vx=a®vy= a®va®- a®vy® forall x, y € 4

The set of all central elements is denoted by C(A), and also observe that @ € C(4) then a® C(A)

2.5. Lemma: Let 4 be a ® -Semi lattice and g C(4) thendefine B, ={(x,y)/avx-= avylis
a congruence on A4

Proof: Since avx=avx then (x,x)e B, the relation is reflexive.
Let(x,y)€ B, then avx=avy =avy=avx
=(y,x)e B, ,the relation is symmetric
Let(x,y)€ B, and (y,z)e B, then avx=avyand avy=agvz=avx=qvz

=(x,z)e B, , the relation is transitive.
Hence the relation S, is equivalence relation.
Let x,y,z,t € A such that (x,y)e B, and (2,1
Now av(xvz)=(avx)vz

=(avx)v(avz) -(avy)v(avr) =av(yvi)
This shows that (xv z,yvt) e B,

Hence B, is closed under v.

Let x,y € A4 such that (x,y)e B, then avx=avy=gq

)€ B, then avx=avy,avz=awvt

Yo xY%e= a%e y%
= avax®s av y°® (sinceq e C(4))
= (%, y%)ep,

Therefore 3, is closed under ®

Therefore /5, is a congruence relation on A.
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"‘T‘m] Let A be a Pre A*-algebra define 2 relation <
6.

on A by
¢ yiff X V y =y then (A, <) is a poset.
X =

finition: Let A4 be a Pre A*-algebraand ¢ ¢ Con(A
b?;tD}eCon(A) such that & I B=A
exi

complement of & .

g. Lemma: Let A be a ®-Semi lattice and g € C(A) then
}.c is direct complement of 3, .
poofiLet (1, )€ B, 1 Bo
= (x,y)€ f,and(x,y)e B,
—avx=avyand a®vx=a®vy
Now y = ((a VJ’)G v(a® VY)®)® (by 2.2 Definition (iv))

=(@vy)’v@®@vy®P®vy =(avx® v(@®vx)®P®vy
Therefore X vV y = y.
Hence X < ¥
Similarly we can prove that y < xand hence x = y.

Therefore 5, I o= A,

letx # y and z= ((avx)®v(a® vy)®)®

Nowavz=a v ((avx)® v(a®v %) =avx (by 2.2 Definition (iii))
Therefore (x,z)e B,

Now a°vz=a® v ((avx)®v(@®vy)®)® =a®v y (by 2.2 Definition (ii))
Therefore (z,y ) e ﬂa.

Ths(x,y)e B, o B,

Therefore Ax 4 ¢ Be 0 p,

dealy By 0 f, < Ax A

Hence ﬂnt o ﬂ, = AxA

is di ment of O .
Therefore B, is a factor congruence on A and B, is direct comple B,

=X VYy

).Then « is called factor congruence if there
4 ad @0 f= AxA In this case

B is called direct

B, is a factor congruence on A and

i nce
9. Lemma: Let 4 be a ® -Semi lattice and £ is a congruence on 4. Then f is a factor congrue

MAM B = B forsome x € C(4).

i I 6=A, and ﬁ o
Proof: Suppose S is a factor congruence on A then there exists a & such that S 4

BtAXA.
Nuw(2,2®
Now we show that B = B.

L“(D.q) € B, thenxVv p=xV q.

®
)€ B 0 @ then there exists x € A such that (2,x_)e 6,(x,27)e

i ,( Vq. q) Eﬁ
Since(x,23]€ﬂ we have (xVp, 2°V p), (xVg, 2°V q) € B thatis (xVp, p), (x

imply that (p,q) € B.
e B < 8.

PPose (pq) € B then (xVvp,xV q) € B.
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Since (2,x)€ 6 we have (2 vp. xv p), (2 V& xVv q) €Ef thatis(2,xvV p).(2,xv q) EQ
which implies that (x v p,x v q) € 8

Therefore (xvVp,xv q) € 1 §=A,and hencexVp=xV q =@ EFh

Hence § C B,

Thus f=5,.

Now we prove that 6 = S,

Let (p,q) € B, then x*°*vp= x*vq

Since (2,x)€ 0 wehave (2°,x°)e 8 (2° vp. x° v p).(2° Vg x° V @ €6
=>(p.x*vp.(g.x*vq€EI>(pEP

Thetefoceﬂ‘,ge

Let(p.q) €6

Since (x,2%)e f we have (x°,2)e B

=(x*vp2Vvp,(x*Vvq2veQ€EL >(x®*Vvp2)(x*Vvqg2)EL
Q(xSVp,erq)Eﬁ

Since (p,q) €8 wehave (x* v p, x* v g €8

Therefore (x° v p, x° v @) € 1 8=A,
:>.t8Vp=x'3Vq=>(p,q)Eﬂx.:0\._":ﬁx.

Therefore 6 = S,

Now we show that x € C(4).

LetxV t=xV wthatis(t. w) € B, = = (r°,w" )€ B (since § is a congruence)
:(fs.WS)EﬁIDxV 2 =xvw®

Let x*vi=x"vw

=:>(t.w)Eﬁx,=0:>(t8,ws)ea(sinm9'samngrm)

2w )eB. 2 Vv = vt
Therefore x € C(A).

Conversely suppose that § = B_, for some x € C(4).
By28 Lemma S, is a factor congruence.
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